The Single Gyroid, or srs, nanostructure has attracted interest as a circular-polarisation sensitive photonic material. We develop a group theoretical and scattering matrix method, applicable to any photonic crystal with symmetry I432, to demonstrate the remarkable chiral-optical properties of a generalised structure called 8-srs, obtained by intergrowth of eight equal-handed srs nets. Exploiting the presence of four-fold rotations, Bloch modes corresponding to the irreducible representations E − and E + are identified as the sole and non-interacting transmission channels for right-and left-circularly polarised light, respectively. For plane waves incident on a finite slab of the 8-srs, the reflection rates for both circular polarisations are identical for all frequencies and transmission rates are identical up to a critical frequency below which scattering in the far field is restricted to zero grating order. Simulations show the optical activity of the lossless dielectric 8-srs to be large, comparable to metallic metamaterials, demonstrating its potential as a nanofabricated photonic material.
INTRODUCTION
Dielectric photonic crystals (PC) and metallic metamaterials with chiral nanostructures attract interest because of their chiral-optical behaviour, including circular dichroism, 3 negative refractive index 21, 22, 31 and optically-induced torque. 13 A particularly intricate design, inspired by its occurrence in butterfly wing scales, 16, 26, 27 is the single Gyroid (SG) or srs net. 9 It forms in inorganic materials on various length scales, 17, 28, 30 with several applications. 8, 14, 29, 30 The prediction of circular dichroism for a srs PC 23 has been experimentally verified. 28, 29 The circular polarization discrimination observed in metallic srs nets 8 is lower than expected from the helical nature. 19 Circular birefringence or optical activity (OA) and circular dichroism (CD) are polarisation effects related to the chiral properties of a light-transmitting medium. In the literature, OA and CD correspond to the difference in the absorption coefficients and refractive indices between left-(LCP) and right-circularly polarized (RCP) light of a homogeneous nontransparent material. 7 Here, we adopt these terms for a slab of a lossless and inhomogeneous material, and relate OA 1-srs: cubic I4 1 32 (214) 2-srs: tetragonal P4 2 22 (93) 4-srs: cubic P4 2 32 (208) 8-srs: cubic I432 (211) Figure 1 : (Color Online) Construction of the 8-srs by three replication steps. In each step the number of srs nets is doubled by generating translated copies (blue) of the already existing nets (green). All nets are identical and equal-handed. and CD to the transmission and reflection amplitudes (t, r). We define OA as the phase difference and CD as the relative difference in absolute values between the complex scattering amplitudes s ± = t ± or s ± = r ± , respectively, for a respective incoming LCP (+) or RCP (−) plane wave:
While theoretical conclusions of this article, based on group theory and scattering matrix treatment, are valid for any structure with I432 symmetry (all nomenclature for symmetry groups as in 6 ), we use a particularly interesting geometry called 8-srs for illustration. The 8-srs is a periodic structure consisting of eight identical, and hence equal-handed, interthreaded copies of the srs net. 10 Figure 1 shows that the 8-srs is obtained by arranging translated copies of the srs net, such that all eight networks remain disjoint and to give body centered cubic symmetry I432 1 . With a 0 the lattice parameter of the 1-srs in its symmetry group I4 1 32, adding a copy translated by a := a 0 /2 along [100] gives the 2-srs of tetragonal symmetry; translation along a distinct coordinate axis by a yields the 4-srs with simple cubic (SC) symmetry; translation by √ 3a /2 along [111] the 8-srs with body-centered cubic (BCC) symmetry. Note that the 4-srs and the 8-srs have the same lattice constant a = a 0 /2. Importantly, the 8-srs has both four-fold rotation and four-fold screw axes along its [100] direction, see Fig. 2 , in contrast to the 1-srs with only screw-rotations.
THE 8-SRS GEOMETRY
We consider the 8-srs as a dielectric PC obtained by inflating all edges of the 8-srs to solid struts (rods) with permittivity ε, embedded in vacuum. For the simulations, we use ε = 5.76, close to high-refractive index Chalcogenide glass at telecommunication wavelengths 18 or TiO 2 at optical wavelengths; 17 the solid volume fraction is φ ≈ 31.4%, corresponding to a rod diameter of d ≈ 0.23a. Finite size effects are obtained for a slab of size ∞ × ∞ × N z a with [100] inclination of the PC 2 . All analyses are for wave vectors k along that axis and assuming termination planes perpendicular to [100]. The parameter t denotes the position of the termination plane in the unit cell. translational symmetry behaviour of a mode and the band structure is the dependence of the frequency ω on k.
GENERAL PROPERTIES OF THE BAND STRUCTURE AND SCATTERING PARAMETERS
In analogy to the translational symmetries, we now classify the behaviour of the eigenmodes under point symmetries (here rotational symmetries). Group and representation theory provides the formalism for this classification, in the form of irreducible representations A, B, E ± and T 1/2 and their characters that uniquely define these, see Tab. 1. We analytically obtain the following general relationships valid for any PC with I432 symmetry (including also the 8-srs, see Fig. 3a ): (a) Three-fold degeneracy at the H-point: The 4 lowest eigenstates at the H point are 3-fold degenerate. There are two T 1 and two T 2 modes defined in Tab. 1) and classified by their respective point symmetry behaviour 3 . (b) Degeneracy fully lifted on ∆: The degeneracy is fully lifted when going away from the high symmetry points onto the ∆ line. Each mode split is summarized with a compatibility relation
(c) Inversion symmetry and slope at Γ and H: Each band ω i (k) along ∆ is characterized by its irreducible representation i ∈ {A, B, E + , E − }. It has inversion symmetry ωA /B (−k) = ωA /B (k) and ω E ± (−k) = ω E ∓ (k). The bands ωA /B (k) hence approach the points T 1 and T 2 with zero slope and the bands ω E ± with equal and opposite slope.
Group theory combined with an analytic scattering matrix treatment yields the following three further general rules for photonic scattering at a finite slab of an I432 PC, inclined at [100] direction and hit by a plane wave at normal incidence (see Fig. 3b for simulations of the 8-srs). These include previous results 1, 12, 15 as special cases.
(d) {A, B, E + , E − } correspond to non-interacting scattering channels, E − and E + represent RCP and LCP, respectively, A and B are dark modes: Modes of distinct representation do not interact. Scattering takes place in four independent channels characterized by the four representations A, B, E + , E − . For each channel, a well-defined scattering matrix relating the amplitudes of the outgoing plane waves to those of the incoming plane waves is found. Both A and B representations represent dark modes that do not couple to any plane wave at normal incidence. At normal incidence, any E + mode couples only to RCP and any E − only to LCP plane waves. This implies that the channels corresponding to A and B do not contribute to the scattering process and there is no polarisation conversion between LCP and RCP in transmission and reflection at any wave length.
(e) No CD and OA in reflectance: The reflection matrices on both sides are identical for the E + (LCP) and the E − (RCP) channel. For the reflection spectrum, CD and OA are hence strictly zero for all wave lengths.
(f) No CD in transmission below a critical frequency Ω c : The matrix norm of the transmission matrices is identical for E + and E − channels. Henceforth, at low frequencies Ω := ωa /2πc < Ω c := 1, where the portion of energy that leaves the crystal in the (00) Bragg order Σ ± = |t ± | 2 + |r ± | 2 is strictly 100%, CD is zero. The matrix norm imposes no condition for circular dichroism above Ω c . Optical activity may be finite at any frequency.
CONSEQUENCES AND CONCLUSIONS
The appendix outlines the proofs of the above claims. We now provide interpretations for the 8-srs PC: Due to rules (d)-(f), an 8-srs slab of fixed thickness acts like an effective, optically active material for which the Kramers-Kronig relations are not valid; in contrast to homogeneous optically active materials, rotary power is not caused by a difference in the refractive indices for LCP and RCP but by the microstructure at the same length-scale as the wavelength of the light.
Rule (d) also provides an interpretation for our definition of OA and CD: If a linear polarised plane wave at normal incidence impinges on a finite slab, the perpendicularly scattered (zero Bragg order) wave is generally elliptically polarised. The principal axis of its polarisation ellipse is rotated by OA compared to the polarisation axis of the incoming wave and has eccentricity e = 1 − (CD) 2 . For Ω < Ω c , the polarization plane is hence rotated without introducing any ellipticity.
All results are accurately reproduced by numerical calculations. Fig. 3a compares the transmission, which is the same for LCP and RCP light, through a thick slab with N z = 53 to the photonic band structure (PBS) of the infinite periodic PC. The PBS modes are colored according to their numerically determined irreducible representation 24 and have a size proportional to the coupling constant β 23 that describes the ability of the Bloch mode to couple to an incident plane wave of the same frequency 4 . The PBS shows the behaviour predicted by results (a)-(c): It is 3-fold degenerate at the H point and splits into 3 separate bands of irreducible representation A (B), E + and E − . The slopes near the H point are consistent with result (c). The PBS is further in good agreement with the transmission spectrum. Notably, the transmission drop at the frequency Ω g := 0.64 is fully consistent with our band structure results: Since the A band has a dark mode behaviour according to rule (d), the band structure exhibits a small pseudo-bandgap (with T → 0 for N z → ∞, cf. teal points in Fig. 3a ) in the frequency range 0.637 < Ω < 0.643. Note that different choices of φ and ε give significantly larger bandgap width, see Fig. 4 . Fig. 3b shows OA and CD spectra. In agreement with (e), OA r = CD r = 0 to any numerical precision. Consistent with (f), CD t is only present above Ω c where the (10) Bragg order is non-evanescent. OA t is present at all frequencies and particularly strong above the fundamental bands with a large slope in the spectrum. Despite the absence of CD and ellipticity below Ω c , the rotation angle goes up to ≈ −8 • at Ω ≈ 0.6 even within the fundamental bands. This nonoptimized PC exhibits therefore roughly 1/3 of the optical rotation that can be achieved with metallic metamaterials 4 operating at comparable wavelengths in the near-infrared. Transmission is almost 1 at those wavelengths and dominated by a single mode process so that an effective medium approach is justified. The 8-srs operating in the upper fundamental band frequency region is hence a promising candidate for an optically active and lossless metamaterial.
In conclusion, the 8-srs is a prototype for a lossless chiral PC material that provides strong optical rotary power combined with zero ellipticity below a frequency threshold that is way above the fundamental band edges for reasonable dielectric contrast. This unique combination of desired chiro-optical behaviour makes it a good candidate for optical rotators or circular polarization beam splitters. 29 Further, the scattering process with a PC slab is highly non-linear so that optical activity changes rapidly at the frequencies where poles in the generalized Airy formula exist. 2 It therefore also is an attractive metamaterial that could be used for optical switches which is fully scalable in contrast to e.g. liquid crystals in a smectic nematic phase.
Note that 1-srs and 2-srs PCs have been manufactured on the micron-scale with a 0 = 1.2µm by direct laser writing (DLW) methods. 28, 29 The DLW fabrication of the 8-srs appears therefore feasible at a structure size such that it exhibits all the basic features predicted by our theory in the near infrared.
While the 8-srs geometry is a particularly interesting design from a chiral-optical perspective, it is important to note that results (a-f) hold for any PC structure with symmetry I432. Even more generally, rules for the scattering matrix (d-f) are valid for any chiral PC with a 4-fold rotational symmetry in propagation direction.
Finally, we have restricted our representation analysis to the H point of lowest vacuum frequency H (0) for the sake of simplicity. The reduction procedure, however, is equivalent for all higher H or Γ points with O symmetry yielding ∑ m Φ m ε m with m ∈ {8-srs,background} on the ordinate. The position of the band gap hence does not depend on the choice of the absolute value of dielectric constants. It turns out that the x-point is close to a band structure topology change at Φ ≈ 31% and ψ ≈ 6.5 where the T 1 (black curve) and T 2 (green curve) points at H are accidentally degenerate.
for example the irreducible representations 2A 2 + 2E + 4T 1 + 2T 2 at Γ (1) and 2E + 2T 1 + 2T 2 at H (1) . Furthermore, other directions or symmetries can be treated in the same way. Preliminary investigation for k along [111] (a 3-fold axis in general) yields the same main features as for k on ∆.
mode that does not transform as T 1 or T 2 henceforth has zero amplitudes within the [(1, 0, 0)] class. The class with next higher vacuum frequency is [(1, 1, 1)] with Ω V = √ 3 leading to significantly higher frequencies if the dielectric contrast of the PC is in a reasonable regime 13. 11 (b) On the ∆ line, the group of the wave vector is C 4 . Henceforth, the T 1 and T 2 representations are reducible for eigenmodes on ∆. The reduction procedure yields the compatibility relations T 1 = A + E + + E − and T 2 = B + E + + E − that are an abbreviation for the statement that the 3-dimensional T representations of O reduce into three 1-dimensional representations within the lower symmetry C 4 , respectively.
(c) The time inversion operation within the monochromatic field approach is a complex conjugation. Inversion symmetry of the whole band structure holds for any lossless PC. 11 A straightforward analysis of the characters yields that any A /B mode has an A /B counterpart at the opposite side of the BZ (time inversion symmetry type (a), Tab. I in the main manuscript) and that the E ± modes form an inversion pair (type (b)). (e) A scattering matrix can be well-defined in each scattering channel relating propagating Floquet modes that leave a slab of 8-srs crystal to incident Floquet modes. The scattering matrix in each channel is shown to be unitary for a non-dissipative system using global energy conservation based on spatio-temporal integration over Poynting's theorem. Time inversion invariance further yields a correlation between the E + and the E − channel: The entries of the scattering matrix in the E + channel are the complex conjugate of the inverted matrix in the E − channel. The combination of both results yields that the reflection matrix is identical in both channels.
(f) The previous point yields that forward transmission in the ± channel is identical to backward transmission in the ∓ channel. However, this statement corresponds to two distinct experiments with sources on opposite sides of a PC slab and is of less practical relevance. Comparing the same direction in both channels, only the matrix norm of the transmission matrix is shown to be equal.
